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Abstract

This paper introduces the concepts of Hierarchical Infinite Topology
(HIT), Hierarchical Infinite Number Systems (HINS), and Hierarchical
Number Theory (HNT), extending traditional mathematical structures
to accommodate infinite hierarchical levels. These new frameworks allow
for a deeper exploration of topological properties, arithmetic relationships,
and number theoretic properties within hierarchical contexts.

1 Introduction

Hierarchical Infinite Topology (HIT), Hierarchical Infinite Number Systems
(HINS), and Hierarchical Number Theory (HNT) provide new frameworks for
studying mathematical structures with infinite hierarchical levels. These con-
cepts build upon traditional topology and number theory, incorporating hierar-
chical infinitude to explore more complex properties and relationships.

2 Hierarchical Infinite Topology (HIT)

2.1 Definitions

A Hierarchical Infinite Space, denoted as (X, τH), is a topological space that
includes multiple levels of infinitude, where τH is a hierarchical topology. A
Hierarchical Basis BH is a collection of open sets at different hierarchical levels
BH =

⋃
i∈I Bi, where Bi is a basis at level i that forms a basis for the topology

τH . Hierarchical Open Sets are sets that are open at various levels of the
hierarchy, denoted as UH =

⋃
i∈I Ui where Ui ∈ Bi. A function f : (X, τH) →

(Y, σH) between two hierarchical infinite spaces is Hierarchical Continuous if
for every hierarchical open set VH ⊆ Y , the preimage f−1(VH) is hierarchical
open in X.
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2.2 Properties

• Nested Structures: Each level of the hierarchy contains sublevels that can
be further decomposed, denoted as X =

⋃
i∈I Xi where Xi are nested

subspaces.

• Infinitary Operations: Operations like union
⋃

i∈I Ui and intersection⋂
i∈I Ui extend across hierarchical levels.

• Topological Invariants: Generalizations of invariants such as homotopy
πH(X) and homology HH(X) to hierarchical structures.

2.3 Theorems and Proofs

In a hierarchical infinite space (X, τH), the union of any collection of hierarchical
open sets is hierarchical open.

Proof. Let {Ui}i∈I be a collection of hierarchical open sets. By definition, for
each level n, Ui is open at level n. The union

⋃
i∈I Ui is open at each level n

because the union of open sets is open in standard topology, and this property
extends to each hierarchical level.

The intersection of a finite number of hierarchical open sets is hierarchical
open.

Proof. Let {U1, U2, . . . , Un} be a finite collection of hierarchical open sets. For
each level n, Ui is open. The intersection

⋂n
i=1 Ui is open at each level n because

the intersection of a finite number of open sets is open in standard topology,
and this property extends to each hierarchical level.

3 Hierarchical Infinite Number Systems (HINS)

3.1 Definitions

Hierarchical Infinite Numbers, denoted as HN =
⋃

i∈I Ni, are numbers that
exist at different levels of the hierarchical structure, including Yangα number
systems. Hierarchical Arithmetic Operations are addition +H , subtraction
−H , multiplication ·H , and division /H extended to hierarchical infinite num-
bers. Hierarchical Fields and Rings are algebraic structures (HF,+H , ·H) and
(HR,+H , ·H) that include hierarchical infinite numbers and operations.

3.2 Properties

• Hierarchical Units: Fundamental building blocks at each hierarchical level,
denoted as 1i at level i.

• Hierarchical Ideals: Generalizations of ideals in ring theory, adapted to
hierarchical structures, denoted as IH =

⋃
i∈I Ii.
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• Hierarchical Algebraic Structures: Fields HF, rings HR, and modules HM
extended to hierarchical infinite contexts.

3.3 Theorems and Proofs

Hierarchical infinite numbers form a commutative group under hierarchical ad-
dition +H .

Proof. Consider the set of hierarchical infinite numbers HN. The addition op-
eration +H is associative and commutative by definition. The identity element
is the hierarchical zero at each level, denoted as 0H =

⋃
i∈I 0i, and each hier-

archical number has an additive inverse at each level, denoted as −nH . Thus,
hierarchical infinite numbers form a commutative group under addition.

Hierarchical infinite numbers form a commutative ring under hierarchical
addition +H and multiplication ·H .

Proof. In addition to forming a commutative group under addition, the multi-
plication operation ·H on hierarchical infinite numbers is associative and com-
mutative. The distributive property holds at each hierarchical level. Hence,
hierarchical infinite numbers form a commutative ring.

4 Hierarchical Number Theory (HNT)

4.1 Definitions

Hierarchical Primes, denoted as Hp =
⋃

i∈I pi, are prime numbers that exist at
different levels of the hierarchical structure.
Hierarchical Divisibility, denoted as aH |bH , extends traditional divisibility rules
to hierarchical primes and composite numbers.
Hierarchical Congruences, denoted as aH ≡ bH (mod nH), are congruences that
incorporate hierarchical levels.
Hierarchical Number Fields, denoted as HQ, are extensions of number fields
incorporating hierarchical structures.

4.2 Properties

• Nested Prime Structures: Each hierarchical level contains a distinct set of
primes, pi at level i.

• Infinitary Arithmetic Functions: Arithmetic functions such as the Euler
totient function ϕH(nH) and Möbius function µH(nH) extended to hier-
archical levels.

• Hierarchical Diophantine Equations: Generalizations of Diophantine equa-
tions to hierarchical settings, denoted as PH(xH) = 0.
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4.3 Theorems and Proofs

The Fundamental Theorem of Arithmetic holds in Hierarchical Number Theory.

Proof. Every hierarchical integer nH can be uniquely factored into hierarchical
primes at each hierarchical level, denoted as nH = p

e1,H
1,H · pe2,H2,H · · · pek,H

k,H . This
follows from the standard Fundamental Theorem of Arithmetic extended to
hierarchical levels, where each level respects the unique factorization property.

For hierarchical primes pH and hierarchical integer aH , if pH divides akH for
some integer k, then pH divides aH .

Proof. This extends the standard property of prime numbers in integer arith-
metic to hierarchical primes. Since hierarchical primes follow the same basic
divisibility rules at each level, the property that pH |akH ⇒ pH |aH holds for
hierarchical primes as well.

5 Conclusion

Hierarchical Infinite Topology, Number Systems, and Number Theory provide
innovative frameworks for studying mathematical structures with infinite hier-
archical levels. These extensions of traditional topology and number theory offer
new avenues for research and exploration in various mathematical contexts.
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